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Summary. In many practical problems for data mining the data X under consid-
eration (given as (m × N)-matrix) is of the form X = AS, where the matrices A
and S with dimensions m×n and n×N respectively (often called mixing matrix or
dictionary and source matrix) are unknown (m ≤ n < N). We formulate conditions
(SCA-conditions) under which we can recover A and S uniquely (up to scaling and
permutation), such that S is sparse in the sense that each column of S has at
least one zero element. We call this the Sparse Component Analysis problem (SCA).
We present new algorithms for identification of the mixing matrix (under SCA-
conditions), and for source recovery (under identifiability conditions). The methods
are illustrated with examples showing good performance of the algorithms. Typical
examples are EEG and fMRI data sets, in which the SCA algorithm allows us to
detect some features of the brain signals. Special attention is given to the application
of our method to the transposed system XT = ST AT utilizing the sparseness of the
mixing matrix A in appropriate situations. We note that the sparseness conditions
could be obtained with some preprocessing methods and no independence conditions
for the source signals are imposed (in contrast to Independent Component Analy-
sis). We applied our method to fMRI data sets with dimension (128× 128× 98) and
to EEG data sets from a 256-channels EEG machine.

Key words: Sparse Component Analysis, Blind Signal Separation, cluster-
ing.

1 Introduction

Data mining techniques can be divided into the following classes [3]:
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1. Predictive Modelling: where the goal is to predict a specific attribute
(column or field) based on the other attributes in the data.

2. Clustering: also called segmentation, targets grouping the data records
into subsets where items in each subset are more “similar” to each other than
to items in other subsets.

3. Dependency Modelling: discovering the existence of arbitrary, possibly
weak, multidimensional relations in data. Estimate some statistical properties
of the found relations.

4. Data Summarization: targets finding interesting summaries of parts of
the data. For example, similarity between a few attributes in a subset of the
data.

5. Change and Deviation Detection: accounts for sequence information in
data records. Most methods above do not explicitly model the sequence order
of items in the data.

In this paper we consider the problem of linear representation or matrix
factorization of a data set X, given in the form of a (m×N)-matrix:

X = AS, A ∈ Rm×n,S ∈ Rn×N , (1)

where n is the number of source signals, m is the number of observations and
N is the number of samples. Such representations can be considered as a new
class of data mining techniques (or a concrete subclass of the above described
data mining technique 3). In (1) the unknown matrices A (dictionary) and S
(signals) may have some specific properties, for instance:

1) the rows of S are as statistically independent as possible — this is the
Independent Component Analysis (ICA) problem;

2) S contains as many zeros as possible — this is the sparse representation
problem or Sparse Component Analysis (SCA) problem;

3) the elements of X,A and S are nonnegative - this is nonnegative matrix
factorization (NMF).

Such linear representations have several potential applications including
decomposition of objects into “natural” components, learning the parts of the
objects (e.g. learn from set of faces the parts a face consists of, i.e. eyes, nose,
mouth, etc.), redundancy and dimensionality reduction, micro-array data min-
ing, enhancement of images in nuclear medicine etc. (see [17], [10]).

There are many of papers devoted to ICA problems (see for instance [5, 15]
and references therein) but mostly for the complete case (m = n). We refer
to [26, 4, 29, 1, 25] and reference therein for some recent papers on SCA and
overcomplete ICA (m < n).

A more general related problem is called Blind Source Separation (BSS)
problem, in which we know a priori that a representation such as in equation
(1) exists and the task is to recover the sources (and the mixing matrix) as ac-
curately as possible. A fundamental property of the complete BSS problem (for
m = n) is that such a recovery (under assumptions in 1 and non-Gaussianity
of the sources) is possible up to permutation and scaling of the sources, which
makes the BSS problem so attractive.
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In this paper we consider SCA as a special model of BSS problem in the
overcomplete case (m < n i.e. more sources than sensors), where the additional
information compensating the lack of sensors is the sparseness of the sources.
The task of the SCA problem is to represent the given (observed) data X as
in equation (1) such that the matrix S (sources) is sparse in sense that each
column of S has at least one zero element. We present conditions on the data
matrix X (SCA-conditions on the data), under which the representation in
equation (1) is unique up to permutation and scaling of the sources.

The task of BSS problem is to estimate the unknown sources S (and the
mixing matrix A) using the available data matrix X only. We describe con-
ditions (identifiability conditions on the sources) under which this is possible
uniquely up to permutation and scaling of the sources, which is the usual
condition in the complete BSS problems using ICA.

In the sequel, we present new algorithms for solving the BSS problem using
sparseness: matrix identification algorithms and source recovery algorithm,
which recovers sparse sources (in sense that each column of the source matrix
S has at least one zero). When the sources are sufficiently sparse (see the
conditions of Theorem 2) the matrix identification algorithm is even simpler.
We used this simpler form for separation of mixtures of images. We present
several computer simulation examples which illustrate our algorithms, as well
as application of our method to real data: EEG data set obtained by a 256
channels EEG machine, and fMRI data set with dimension 128× 128× 98. In
all considered examples the results obtained by our SCA method are better
(for the computer simulated examples) and comparable and advantages with
respect to the ICA method.

2 Blind Source Separation using sparseness

In this section we present a method for solving the BSS problem if the following
assumptions are satisfied:
A1) the mixing matrix A ∈ Rm×n has the property that any square m ×m
submatrix of it is nonsingular;
A2) each column of the source matrix S has at least one zero element.
A3) the sources are sufficiently rich represented in the following sense: for
any index set of n − m + 1 elements I = {i1, ..., in−m+1} ⊂ {1, ..., n} there
exist at least m column vectors of the matrix S such that each of them has
zero elements in places with indexes in I and each m− 1 of them are linearly
independent.

Columns of X for which A2) is not satisfied are called outliers. We can
detect them in some cases and eliminate from the matrix X, if the condition
A3) is satisfied for a big number of columns of S.
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2.1 Matrix identification

We describe conditions in the sparse BSS problem under which we can identify
the mixing matrix uniquely up to permutation and scaling of the columns.
We give two types of such conditions. The first one corresponds to the least
sparsest case in which such identification is possible. Further, we consider the
most sparsest (nontrivial) case (for small number of samples) as in this case
the algorithm is much simpler.

General case – full identifiability

Theorem 1. [12] (Identifiability conditions - general case) Assume
that the representation X = AS is valid, the matrix A satisfies condition
A1), the matrix S satisfies conditions A2) and A3) and only the matrix X is
known. Then the mixing matrix A is identifiable uniquely up to permutation
and scaling of the columns.

The proof of this theorem is contained in [12] and gives the idea for the
matrix identification algorithm.

Algorithm 1: identification of the mixing matrix
1) Cluster the columns of X in

(
n

m−1

)
groups Hp, p = 1, ...,

(
n

m−1

)
such

that the span of the elements of each group Hp produces one hyperplane and
these hyperplanes are different.

2) Cluster the normal vectors to these hyperplanes in the smallest number
of groups Gj , j = 1, ..., n (which estimates the number of sources n) such that
the normal vectors to the hyperplanes in each group Gj lie in a new hyperplane
Ĥj .

3) Calculate the normal vectors âj to each hyperplane Ĥj , j = 1, ..., n (the
one-dimensional subspace spanned by âj is the intersection of all hyperplanes
in Gj). The matrix Â with columns âj is an estimation of the mixing matrix
(up to permutation and scaling of the columns).

Remark. The above algorithm works for data for which we know a priori
that they lie on hyperplanes (or near to hyperplanes).

A very suitable algorithm for clustering data near hyperplanes is the k-
plane clustering algorithm of Bradley - Mangasarian [2]. In our case the data
points are supposed to lie on hyperplanes passing trough zero, so their algo-
rithm is simplified and has the following form:

Algorithm 2: simplified algorithm of Bradley – Mangasarian
Start with random w0

1, ..., w
0
k ∈ Rn with ‖w0

i ‖2 = 1, i = 1, ..., k. Having
wj

1, ..., w
j
k at iteration j with ‖wj

i ‖2 = 1, i = 1, ..., k, compute wj+1
1 , ..., wj+1

k

by the following two steps:
(a) Cluster Assignment: Assign each point to closest plane Pl.

For each Ai, i = 1, ..., m, determine l(i) such that
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|Aiw
j
l(i)| = min

1≤j≤k
|Aiw

j
l |.

(b) Cluster Update: Find a plane Pl that minimizes the sum of
the squares of distances to each point in cluster l. For l = 1, ..., k,
let Al be the m(l) × n matrix with rows corresponding to all Ai assigned to
cluster l. Define B(l) = [A(l)]T A(l). Set wj+1

l to be an eigenvector of B(l)
corresponding to the smallest eigenvalue of B(l). Stop whenever there is a
repeated overall assignment of points to cluster planes or a nondecrease in the
overall objective function.

We applied this algorithm for real data sets of fMRI images and EEG
recordings in the last two sections. We noticed that the algorithms stops very
often in local minima and need several re-initializations until a reasonably
good local (or global) minimum is found, measured by the nearness of the
objective function to zero: the sum of the squared distances from the data
points to the corresponding clustering hyperplanes should be near to zero.

Degenerate case – sparse instances

The following theorem is useful for identification of very sparse sources. Its
proof can be found in [11].

Theorem 2. [11] (Identifiability conditions – locally very sparse rep-
resentation) Assume that (i) for each source si := S(i, .), i = 1, ..., n there
are ki ≥ 2 time instances when all of the source signals are zero except si (so
each source is uniquely present ki times), and

(ii) the set
{

j ∈ {1, ..., N} : X(., p) = cX(., j) for some c ∈ R
}
, contains

less than min1≤i≤m ki elements for any p ∈ {1, ..., N} for which S(., p) has
more that one nonzero element.

Then the matrix A is identifiable up to permutation and scaling.

Below we include an algorithm for identification of the mixing matrix in
the case of Theorem 2.

Algorithm 3: identification of the mixing matrix in the very
sparse case

1) Remove all zero columns of X (if any) and obtain a matrix X1 ∈
Rm×N1 .

2) Normalize the columns xi, i = 1, . . . , N1 of X1 : yi = xi/‖xi‖ and set
ε > 0.

Multiply each column yi by −1 if the first element of yi is negative.
3) Cluster yi, i = 1, ..., N1 in n = 1 groups G1, ..., Gn+1 such that for any

i = 1, ..., n, ‖x − y‖ < ε, ∀x,y ∈ Gi and ‖x − y‖ ≥ ε for any x,y belonging
to different groups.

4) Chose any yi ∈ Gi and put ai = yi. The matrix A with columns
{ai}n

i=1 is an estimation of the mixing matrix, up to permutation and scaling.
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2.2 Identification of sources

Theorem 3. [12] (Uniqueness of sparse representation) Let H be the
set of all x ∈ Rm such that the linear system As = x,A ∈ Rm×n, has a
solution with at least n−m + 1 zero components. If A fulfills A1), then there
exists a subset H0 ⊂ H with measure zero with respect to H, such that for
every x ∈ H \ H0 this system has no other solution with this property.

From Theorem 3 it follows that the sources are identifiable generically, i.e.
up to a set with a measure zero, if they have level of sparseness grater than
or equal to n −m + 1 (each column of S has at least n −m + 1 zeros) and
the mixing matrix is known. Below we present an algorithm, based on the
observation in Theorem 3.

Algorithm 4: source recovery algorithm
1. Identify the set of hyperplanes H produced by taking the linear hull of

every subsets of the columns of A with m− 1 elements;
2. Repeat for k = 1 to N :
2.1. Identify the space H ∈ H containing xk := X(:, k), or, in practical

situation with presence of noise, identify the one to which the distance from
xi is minimal and project xk onto H to x̃k;

2.2. if H is produced by the linear hull of column vectors ak1 , ..., akm−1 ,
then find coefficients λk,j such that

x̃k =
m−1∑

j=1

λk,jakj .

These coefficients are uniquely determined if x̃k doesn’t belong to the set H0

with measure zero with respect to H (see Theorem 3);
2.3. Construct the solution sk = S(:, k): it contains λk,j in the place kj

for j = 1, ..., m− 1, the rest of the components are zero.

3 Sparse Component Analysis

In this section we describe sufficient conditions for the existence of solutions
to the SCA problem. Note that the conditions are formulated only in terms of
the data matrix X. The proof of the following theorem can be found in [12].

Theorem 4. [12] (SCA conditions) Assume that m ≤ n ≤ N and the
matrix X ∈ Rm×N satisfies the following conditions:

(i) the columns of X lie in the union H of
(

n
m−1

)
different hyperplanes,

each column lies in only one such hyperplane, each hyperplane contains at
least m columns of X such that each m− 1 of them are linearly independent.
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(ii) for each i ∈ {1, ..., n} there exist p =
(

n−1
m−2

)
different hyperplanes

{Hi,j}p
j=1 in H such that their intersection Li = ∩p

k=1Hi,j is one dimensional
subspace.

(iii) any m different Li span the whole Rm.
Then the matrix X is representable uniquely (up to permutation and scaling

of the columns of A and S) in the form X = AS, where the matrices A ∈
Rm×n and S ∈ Rn×N satisfy the conditions A1), A2), and A3) respectively.

4 Overdetermined Blind Source Separation

In this section we assume that m > n and the identifiability conditions for
the transposed matrix AT are satisfied. So we have the model:

XT = ST AT , (2)

but in order to apply Theorem 1 we select n rows of the matrices XT and ST

(usually the first n, assuming that they (for ST ) are linearly independent: this
is true with “probability one”, i.e. the matrices without this property form a
set with measure zero). Denoting Xn = X(:, 1 : n) and Sn = S(:, 1 : n), we
have

XT
n = ST

nAT . (3)

By some of the matrix identification algorithms we identify firstly the matrix
ST

n and then we identify the matrix A: A = XnS−1
n . Now we recover the

full matrix S from (2) by S = A+X, where A+ means the Moore-Penrose
pseudo-inverse of A.

5 Computer simulation examples

5.1 Overdetermined Blind Source Separation – very sparse case

We consider the overdetermined mixture of two artificially created non-
independent and non-sparse sources with 10 samples – see Figure 1. The
mixing matrix and the estimated matrix with the overcomplete blind source
separation scheme (see section 4) are respectively

A =

0
BBBBBBBB@

0 1
2 3
2 0
1 1
1 5
0 −1
1 0

1
CCCCCCCCA

and Â =

0
BBBBBBBB@

0 1.2
7.3 3.6
7.3 0
3.6 1.2
3.6 6.1
0 −1.2

3.6 0

1
CCCCCCCCA

.

The mixtures and estimated sources are shown in Figure 1. In this case we
applied Algorithm 3 for identification of the matrix ST

2 (the transposed of
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Fig. 1. Example 1. Left:Artificially created non-independent and non-sparse source
signals. Middle: Their mixtures with matrix A. Right: Recovered source signals. The
signal-to-noise ratio between the original sources and the recoveries is very high with
319 and 319 dB after permutation and normalization.

the first two rows of the source matrix S, see (3)). After normalization of
each row of Â we obtain the original matrix A, which confirms the perfect
reconstruction of the sources. The transposed matrix AT (considered here as
a new source matrix) satisfies the conditions of Theorem 2 and this is the
reason for the perfect reconstruction of the sources.

5.2 Overdetermined Blind Source Separation - Sparse Case

Now let us consider the overdetermined mixture of 3 artificially created non-
independent and non-sparse sources with only 10 samples (in fact only three
are needed, as in the previous example only two were needed) — see Figure
2 (left).

The mixing matrix and the estimated matrix with the overcomplete blind
source separation scheme (see section 4) are respectively

A =

0
BBBBBBBBBBBB@

0.5287 0.5913 0
0.2193 −0.6436 0
−0.9219 0.3803 0
−2.1707 0 0.7310
−0.0592 0 0.5779
−1.0106 0 0.0403

0 0.0000 0.6771
0 −0.3179 0.5689
0 1.0950 −0.2556

1
CCCCCCCCCCCCA

, Â =

0
BBBBBBBBBBBB@

0.0000 0.8631 0.7667
−0.0000 −0.9395 0.3180
−0.0000 0.5552 −1.3368
1.0972 −0.0000 −3.1476
0.8674 −0.0000 −0.0858
0.0605 0.0000 −1.4655
1.0164 0.0001 −0.0000
0.8540 −0.4640 −0.0000
−0.3837 1.5984 0.0000

1
CCCCCCCCCCCCA

.

Now we apply Algorithm 1 – note that only 9 samples are required by the
identifiability theorem – Theorem 1 (due to condition A3)), and AT has pre-
cisely 9 rows. The mixtures are shown in Figure 3, along with a scatter plot
for a visualization of the matrix detection in this transposed case with the
very low sample number of only 9, which is sufficient for a perfect recovery
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Fig. 2. Example 2. Left: Artificially created non-independent and non-sparse source
signals. Right: Recovered source signals. The signal-to-noise ratio between the orig-
inal sources and the recoveries is very high with 308, 293 and 307 dB after permu-
tation and normalization.

of (transposed) mixing matrix and the original sources (estimated sources are
shown in Fig. 2 right).
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Fig. 3. Example 2. Left: mixed signals X (observed sources). Right: Scatterplot of
the new ’observed sources’ XT

3 (after transposition of X3 – the first 3 data samples)
together with the hyperplanes on which they lie, indicated by their intersections
with the unit sphere (circles).

5.3 Complete case

In this example for the complete case (m = n) of instantaneous mixtures,
we demonstrate the effectiveness of our algorithm for identification of the
mixing matrix in the case considered in Theorem 2. We mixed 3 images of
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landscapes (shown in Fig. 4) with a 3-dimensional randomly generated matrix
A (detA = 0.0016). We transformed these three mixtures (shown in Fig. 5)
by two dimensional discrete Haar wavelet transform and took only the 10-
th row (160 points) of the obtained diagonal coefficients cDX. As a result,
since this transform is linear, the corresponding diagonal wavelet coefficients
cDS of the source matrix S represented by the source images (as well as the
horizontal and vertical ones) become very sparse (see Fig. 7) and they satisfy
the conditions of Theorem 2. Using only one row (the 10-th or any other,
with 160 points) of cDX appears to be enough to estimate very precisely the
mixing matrix, and therefore, the original images. The estimated images are
shown in Fig. 6.

Fig. 4. Original images

Fig. 5. Mixed (observed) images

Fig. 6. Estimated normalized images using the estimated matrix. The signal-to-
noise ratios with the sources from Figure 1 are 232, 239 and 228 dB respectively.
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Fig. 7. Diagonal wavelet coefficients of the original images (displaying only the
10-th row of each of the three (120 × 160) matrixes). They satisfy the conditions
of Theorem 1 and this is the reason for the perfect reconstruction of the original
images, since our algorithm uses only the tenth row of each of the mixed images.

5.4 Underdetermined case

We consider a mixture of 7 artificially created sources (see Fig. 9 left) – spar-
sified randomly generated signals with at least 5 zeros in each column – with
a randomly generated mixing matrix with dimension 3× 7.
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Fig. 8. Mixed signals (left) and normalized scatter plot (density) of the mixtures
(right) together with the 21 data set hyperplanes, visualized by their intersection
with the unit sphere in R3.
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Figure 8 gives the mixed signals together with a normalized scatterplot of
the mixtures – the data lies in 21 =

(
7
2

)
hyperplanes.

Applying the underdetermined matrix recovery algorithm (Algorithm 1)
to the mixtures gives the recovered mixing matrix exactly, up to permutation
and scaling. Applying the source recovery algorithm (Algorithm 4) we recover
the source signals up to permutation and scaling (see Fig. 9, middle). This
figure (right) shows also that the recovery by l1-norm minimization (known
as Basis Pursuit method of S. Chen, D. Donoho and M. Saunders [7]) does
not perform well, even if the mixing matrix is perfectly known.
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Fig. 9. The original source signals are shown in the left column. The middle column
gives the recovered source signals — the signal-to-noise ratio between the original
sources and the recoveries is very high (above 278 dB after permutation and normal-
ization). Note that only 200 samples are enough for excellent separation. The right
column shows the recovered source signals using l1-norm minimization and known
mixing matrix. Simple comparison confirms that the recovered signals are far from
the original ones – the signal-to-noise ratio is only around 4 dB.
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6 Extraction of auditory evoked potentials from EEG
contaminated by eye movements by Sparse Component
Analysis

6.1 Introduction

Ocular artifact contamination is very common in electroencephalographic
(EEG) recordings. The electro-oculographic (EOG) signals are generated by
the horizontal movement of the eyes, which act as charged electric dipoles with
the positive poles at the cornea and the negative poles at the retina. These
electric charges of the movement are picked up by frontal EEG electrodes. The
EOG contamination is normally dealt with by instructing the subjects not to
blink and not to move the eyes during an EEG experiment, as well as by try-
ing to reject the affected data using voltage threshold criteria. Both of these
measures leave a lot to be desired, because cognitive commands to subjects
may introduce additional complexity, while at the same time very slow eye
movements are difficult to identify only by voltage thresholding because their
amplitudes may be comparable to those of the underlying electroencephalo-
gram. Recent studies have proposed artifact removal procedures based on
estimation of correction coefficients [8] and independent component analysis
[13], [19], [14], [18], [20], etc. The goal of the present section is to demonstrate
that the new Sparse Component Analysis (SCA) method extracts efficiently
for further usage the underlying evoked auditory potentials masked by strong
eye movements.

6.2 Methods

The electric potentials on the surface of the scalp of human subjects were
measured with a geodesic sensor net using a 256-channel electroencephalo-
graphic (EEG) system (Electrical Geodesics Inc., Eugene, Oregon, USA). An
on-screen pattern image was presented for scanning 20 times. During each
presentation the subject had to scan 4 lines - two horizontal and two vertical.
A button was pressed by the subject immediately before a line scan and an-
other button - signaling that the line scan was completed. A 1000 Hz, 100ms,
100 dB sound accompanied the pattern image each time after the start but-
ton was activated. An eye tracking device (EyeGaze , LC Technologies, Inc.)
was used for precision recording and control of all eye movements during the
EEG experiments, scanning the subjects’ screen gaze coordinates 60 times per
second.

After aligning 20 single epochs of each eye movement type (horizontal
left-to-right, diagonal down-left, horizontal right-to-left, diagonal up-left) with
their corresponding sound stimulus onset times, EEG data was segmented into
trials of 500ms lengths and averaged separately for each line type. We then pre-
processed the segmented contaminated data by reducing its dimensionality
from 256 to 4 using principal component analysis (PCA). A justification for
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Fig. 10. Experimental design to extract auditory evoked potentials from high-
density EEG data contaminated by eye movements. Ocular artifacts were controlled
by an eye tracking device.

such a reduction is shown in Fig. 11 which shows that the subspace spanned
by the principal components corresponding to the biggest 4 singular values
contain most of the information of the data. The new Sparse Component
Analysis method was applied on this new data set and its performance was
compared to basic ICA algorithms: Fast ICA algorithm and JADE algorithm
(see [15] for reference about ICA methods and algorithms).

6.3 Results

In this experiment we applied Algorithm 2 for matrix identification (using sev-
eral re-initializations, until obtaining satisfactory local (or global) minimum
of the cost function: the sum of the squared distances from the data points to
the corresponding clustering hyperplanes should be small. For source recovery
we apply either Algorithm 4, or inversion of the estimated matrix: the results
are similar, and as in the the inversion matrix method the resulting signals
are slightly more smooth.
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Fig. 11. The biggest 10 singular values of the data matrix from 256 channels EEG
machine

The component related to the evoked auditory N1 potential [23] with a
peak amplitude at 76-124ms [24] was identified (with some differences) by
all applied algorithms. However, SCA algorithm gives the best result (Fig.
12 right, 4-th component) which correspond to the reality of the experiment,
i.e. the auditory stimulus was silent after 150 ms. The Fast ICA and JADE
algorithms (Fig. 13) show nonzero activity in the auditory component after
150 ms, which is false. The eye movements, however, were strongly mixed
and masked, so that the various algorithms presented different performance
capabilities. SCA’s component 1 (Fig. 12 right) corresponded to the steady
and continuous horizontal eye movement of the subject from the left side of the
image to right side. The initial plateau (0–170 ms) was due to the subjective
delay before the subject was able to start the actual movement. FastICA and
JADE (Fig. 13, 3-rd left and 1-st right components respectively) were unable
to reveal fully the underlying continuous potentials resulting from the eye
movement. SCA component 3 was slightly different at 250-300 ms, but overall
similar to component 4, which could have indicated that the real number of
strong sources was 3 and this component was redundant. However, if that was
not the case, then both this component, as well as SCA component 2 were
either of eye movement origin and had been caused by acceleration jolt in
response to the sound startle effect, or were related to the button press motor
response potentials in cortex.

In order to verify or reject the hypothesis that the real number of strong
sources was 3 (and SCA component 3 in Fig. 12, right, was redundant), we
performed similar processing with just 3 input signals extracted by PCA sig-
nal reduction. The results are shown in Fig. 14 (right) and Fig. 15. Again, the
auditory response was mixed with the eye movement potentials in the input
data (Fig. 14 left) and all three algorithms were able to obtain the N1 evoked
potential - SCA (Fig. 14 right, 3-rd component), FastICA and JADE (Fig.
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Fig. 12. Left: Input EEG data with dimensionality reduced from 256 channels to
4 principal components. This data was not sufficiently separated and still contained
mixed information about the original cortical and eye dipole sources. Right: Sparse
Component Analysis (SCA) results.
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Fig. 13. Left: FastICA results. Right: JADE results.

15, 2-nd and 1-st components respectively), as those found by SCA is mini-
mally deviated from zero in the period 150-500 ms. However, the steady eye
movement ramp was most difficult to extract by the ICA methods FastICA
(Fig. 15), while SCA (Fig. 14 right, 3-rd component) revealed again a clear
basic trend potential without overlapping peaks. SCA component 2 (Fig. 14
right) was represented in a varying degree also by the ICA algorithms.

Our SCA method exhibited a best fit for the hypothesis with 3 sources
of electrical potentials in the mixed auditory and eye movement data. Nev-
ertheless, additional experiments may be needed to better reveal the rather
complex structure of the eye movement signal.
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Fig. 14. Left: Input EEG data with dimensionality reduced from 256 channels to
4 principal components. This data was not sufficiently separated and still contained
mixed information about the original cortical and eye dipole sources. Right: Sparse
Component Analysis (SCA) results.
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Fig. 15. Left: FastICA results. Right: JADE results.

7 Applications of Sparse Component Analysis to fMRI
data

7.1 SCA applied to fMRI toy data

We simulated a low-dimensional example of fMRI data analysis. The typical
setup of fMRI experiments is the following: NMR brain imaging techniques
are used to record brain activity data over a certain span of time, during which
the subject is asked to perform some kind of task (e.g. 5 seconds of activity
in the motor cortex followed by 5 seconds of activity in the visual cortex; this
iterative procedure is often called block diagram). The brain recordings show
areas of high and of low brain activity (using the BOLD effect). Analysis is
performed on the 2d-image slices recorded at the discrete time steps. General
linear model (GLM) approaches or ICA-based fMRI analysis then decompose
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this data set into a certain set of component maps i.e. sets of (hopefully
independent) images that are active at certain time steps corresponding to
the block diagram.

In the following we simulate a low-dimensional example of such brain ac-
tivity recordings. For this we mix three ’source component maps’ (Fig. 16)
linearly to three mixture images and add some noise.

Fig. 16. Example: artificial non-independent and non-sparse source signals.

These mixtures represent our recordings at three different time steps. From
the recordings we want to recover the original components or component maps.
We want to use an unsupervised approach (not GLM, which requires addi-
tional knowledge of the mixing system) but with a different contrast than
ICA. We believe that the assumption of independence of the component maps
does not hold in a lot of situations, so we replace this assumption by sparse-
ness of the maps, meaning that at a certain voxel, not all maps are allowed
to be active (in the case of as many mixtures as sources).

We consider a mixture of 3 artificially created non-independent source
images of size 30 × 30 — see Figure 16 — with the (normalized) mixing
matrix

A =



−0.9069 0.1577 0.4726
−0.2737 −0.9564 0.0225
−0.3204 −0.2458 −0.8810




and 4% of additive white noise. The mixtures are shown in Figure 17 together
with their scatterplot after normalization to unit length.

Note that due to the circular ’brain region’, we have to preprocess the
data (’sparsification’) by removing the non-brain voxels from the boundary.
Then, we apply the matrix identification algorithm (Algorithm 1). This gives
the recovered matrix (after normalization)

Â =




0.9110 0.1660 0.4693
0.2823 −0.9541 0.0135
0.3007 −0.2494 −0.8829
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Fig. 17. Example: mixed signals with 4% additive noise (a), and scatterplot after
normalization to unit length (b).

with low crosstalking error 0.12 and the recovered sources Ŝ shown in Figure
18, with high signal-to-noise ratio of 28, 27 and 27 dB with respect to the
original sources (after permutation and normalization).

This can be enhanced by applying a denoising algorithm to each im-
age. Figure 19 shows the application of local PCA denoising with an MDL-
parameter estimation criterion, which gives SNRs of 32, 31 and 29 dB, so a
mean enhancement of around 4 dB has been achieved.
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Fig. 18. Example: recovered source signals. The signal-to-noise ratio between the
original sources (figure 16) and the recoveries is high with 28, 27 and 27 dB after
permutation and normalization.

Fig. 19. Example: recovered denoised source signals. Now the SNR is even higher
than in figure 18 (32, 31 and 29 dB after permutation and normalization).

Note that if we apply ICA to the previous example (after sparsification
as above — without sparsification ICA performs even worse), the algorithm
cannot recover the mixing matrix

Ā =




0.6319 −0.3212 0.8094
−0.0080 −0.8108 −0.3138
−0.7750 −0.4893 0.4964




and has a very high crosstalking error of 4.7 with respect to A. Figure 20
shows the poorly recovered sources; the SNRs with respect to the sources are
only 3.3, 13 and 12 dB respectively. The reason for ICA not being able to
recover the sources simply lies in the fact that they were not chosen to be
independent.

7.2 SCA applied to real fMRI data

We now analyze the performance of SCA when applied to real fMRI mea-
surements. fMRI data were recorded from six subjects (3 female, 3 male, age
20–37) performing a visual task. In five subjects, five slices with 100 images
(TR/TE = 3000/60 msec) were acquired with five periods of rest and five
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Fig. 20. Example: poorly recovered source signals using ICA. The signal-to-noise
ratio between the original sources (figure 16) and the recoveries is very low with 3.3,
13 and 12 dB after permutation and normalization.

photic simulation periods with rest. Simulation and rest periods comprised 10
repetitions each, i.e. 30s. Resolution was 3×3×4 mm. The slices were oriented
parallel to the calcarine fissure. Photic stimulation was performed using an 8
Hz alternating checkerboard stimulus with a central fixation point and a dark
background with a central fixation point during the control periods [27]. The
first scans were discarded for remaining saturation effects. Motion artifacts
were compensated by automatic image alignment (AIR, [28]).

Blind Signal Separation, mainly based on ICA, nowadays is a quite com-
mon tool in fMRI analysis (see for example [21], [22]). Here, we analyze the
fMRI data set using as a separation criterion a spatial decomposition of fMRI
data images to sparse component maps. Such an approach we consider as very
reasonable and advantageous when the stimuli are sparse and dependent, and
therefore the ICA methods couldn’t give good results. Due to the availabil-
ity of fMRI data, it appears that the results of our SCA method and ICA
method give similar results, which itself we consider as a surprising fact. Here
we use again Algorithm 2 for matrix identification and Algorithm 4 or matrix
inversion of the estimated matrix, for estimation of the sources.

Figure 21 shows the performance of SCA method; see figure caption for
interpretation. Using only the first 5 principal components, SCA could recover
the stimulus component as well as detect additional components. It performs
equally well as fastICA, Figure 22, which is interesting in itself: apparently
the two different criteria, sparseness and independence, lead to similar results
in this setting. This can be partially explained by noting that all components,
mainly the stimulus component, have high kurtoses i.e. strongly peaked den-
sities.

8 Conclusion

We rigorously defined the SCA and BSS problems of sparse signals and pre-
sented sufficient conditions for their solution. We presented four algorithms
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Fig. 21. SCA fMRI analysis. The data was reduced to the first 5 principal com-
ponents. (a) shows the recovered component maps (white points indicate values
stronger than 3 standard deviations), and (b) their time courses. The stimulus com-
ponent is given in component 5 (indicated by the high crosscorrelation cc = −0.86
with the stimulus time course, delayed by roughly 2 seconds due to the BOLD effect),
which is strongly active in the visual cortex as expected.
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Fig. 22. FastICA result during fMRI analysis of the same data set as in figure 21.
The stimulus component is given in component 1 with high stimulus cross-correlation
cc = 0.90.
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applicable to SCA: one for source recovery and three ones for identification of
the mixing matrix – for the sparse and the very sparse cases and one based on a
simplified Bradley-Mangasarian’s k-plane clustering algorithm. We presented
several experiments for confirmation of our methods, including applications
in fMRI and EEG data sets.

Although it is a standard practice to cut those evoked-potentials in EEG
data which are contaminated by eye movement artifacts, we have demon-
strated that stimulus-related responses could be recovered successfully and
even better by the Sparse Component Analysis method. In addition, SCA
has revealed a complex hidden structure of the dynamically accelerating eye
movement signal, which could become a future basis for a new instrument
to measure objectively individual psychological characteristics of a human
subject in startle reflex-type experiments, exploiting sparseness of the signals
rather than independence. We have also shown that our new method is a
useful tool in separating the functional EEG components more efficiently in
signal hyperspace than independent component analysis. Very promising are
the results with real fMRI data images, which show that revealing the brain
responses of sparse (and may be dependent) stimuli could be more successful
by SCA than by ICA.
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